HOMOTOPY GROUPS AS CENTERS OF FINITELY 
PRESENTED GROUPS 
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Abstract. For every finite abelian group A and n > 3, we construct a finitely 
presented group defined by explicit generators and relations, such that its 
center is 7r n (SA"(A, 1)). 



1. Introduction 



It is shown in [10] that all homotopy groups of spheres and Moore spaces can be 
presented as centers of certain finitely generated groups given by explicit generators 
and relations. The following question rises naturally: for which space X and n > 
2, can one construct a finitely presented group defined by generators and 

relations, such that the center of T(X) is tt„(X)? In this paper we study this 
question for suspensions of classifying spaces of finite abelian groups. For every 
finite abelian group A and n > 2, we construct a finitely presented group J ni such 

tha10Z(J„)~7r n+l (£tf(Al))- 

The main approach of the construction of finitely generated groups with cen- 
ters given by homotopy groups, used in [IB] and [TU] is the following. For certain 
simply-connected spaces X there are simplicial group models G*, for loops of X, 
i.e. |G*| ~ ilX such that the centers of components of G» are trivial and there 
is a combinatorial description of Moore boundaries BG*. In this case, the ho- 
motopy groups ir n+ i(X) ~ 7r n (G») are isomorphic to the centers of the quotient 
groups G n /BG n . However, for all such simplicial models in [15] and [TU], the Moore 
boundaries BG n are not generated by finitely many elements as normal subgroups 
of G n . Recall that, for the two-dimensional sphere S 2 , there is a trick based on 
properties of braid groups, which gives a sequence of finitely presented groups given 
by generators and relations such that their centers are homotopy groups tt*(S 2 ) x Z 
[7J. However, this trick does not work for other spaces, since it is based on very 
specific properties of Milnor's simplicial construction FfS' 1 ] [12] ■ Recall also that, 
for a group G, such that the commutator subgroup [G, G] has a trivial center, the 
non-abelian tensor square G (8) G in the sense of Brown-Loday [3] has the following 
property: 

7r a (EJf(G,l)) =s Z{G®G). 

However, a generalization of this construction for higher homotopy groups seems 
to be a hard problem. 



' Research is supported in part by the Academic Research Fund of the National University of 
Singapore. 

^For a group G, we denote its center by Z{G). 
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The homotopy groups of the suspended spaces Y,K(A, 1) are highly nontriv- 
ial from the point of view of computations. For example, the homotopy groups 
7r n (E.K"(Z/2, 1)) are known at the moment for n < 6 (see [TT], |14jV 

Our construction is as follows. Let A be an abelian group. For n > 1, define 
the free product T n :— ( A x ■ ■ ■ x A ) * ( Ax ■ ■ ■ x A ) . For i = l,...,n, denote by 

n copies n copies 

Ai (resp. A n +i) the ith copy of A in the first (resp. second) free summand in T n . 
For j = 1, . . . , 2n, a £ A we denote by dj its value in Aj. Define 



(1.1) 
(1.2) 
(1.3) 



1 < i < n 



Ri = (ai,a n+ i | a € A) " 
Ri = {a % a^\, an+ia'li^ \ a e A) 1 
R n +i = {a n ,o,2n I a G ^) T ™ 
Recall the definition of the symmetric commutator subgroup: 

(1.4) [Ri,R 2 , ...,R n+ i]s = Yi [• • • [^<7(l)i-^o-(2)]i • • • )-R<r(n+l)]- 

creS n + l 

Define 

J n (^) := T n /( l2 n+x([T n ,T n ))[Rx, R n +i]s), 

where, for a group G, {7i(G)}i>i is the lower central sequence. The main result of 
the paper is the following: 

Theorem 1.1. Let A be a finite abelian group. The homotopy group 7r„ + i (Y,K(A, 1)) 
is isomorphic to the center of the poly cyclic group J n (A) for all n > 2. 

All polycyclic groups are finitely presented, in particular, JJ n (A) is finitely pre- 
sented, moreover, it follows from the definition, that J n (A) is virtually nilpo- 
tcnt. The group J n (A) is obtained canonically from the simplicial group K (A, 1) * 
K(A, 1). The lower central series spectral sequence from the free product K(A, 1) * 
K(A, 1) may give some computational information on the homotopy groups and 
the group J„(A). 

There is an explicit construction of finitely presented group whose center is 
TT n (S 2 ) x Z given in [7]. However there are some mistakes in the paper [7]. In 
Section we give a brief review for the main result in [7] with corrections for the 
mistakes. The notion of symmetric commutator (11.41) plays the central role in this 
construction. 

2. Simplicial models 



Let A be an abelian group. The homotopy commutative diagram of fibre se- 
quences 



T,K(A, 1) A K(A, 1) 



H 



EK(A,1) 



K(A,2) = BK(A, 1) 



(2.1) 



pull 



Y,K(A, 1) A K(A, 1) — ► K(A, 2) V K(A, 2) ^ K(A, 2) x K(A, 2), 
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where H is the Hopf fibration, implies that there are isomorphisms 
(2.2) n n (EK(A, 1)) = MK(A, 2) V K{A, 2)) 

for n > 3. 

Choose the simplest simplicial model for K (A, 1). Applying the inverse to the 
normalization functor in the sense of Dold-Kan to the complex A[l], we obtain the 
abelian simplicial group E* with components 

Ei = ( Ax - y x A) , i > 1 

i copies 

and the property \E* | ~ K(A, 1). The face and degeneracy maps in E* are standard, 
their structure follows from the construction of the inverse to the normalization 
functor. 

The following fact follows directly from the Whitehead Theorem [15] (see [6], 
Proposition 4.3, for the simplicial version of the Whitehead Theorem): 

Lemma 2.1. For an abelian group A, there is a homotopy equivalence 

\E* * E*\ ~ n(K(A, 2) V K(A, 2)). 

Here E* * E* is the free product of two copies of the simplicial group E* . 

Recall that a simplicial group G* is called free if each Gi, i > is free with a 
given basis, and the bases are stable under degeneracy operations. The following 
result is due to Curtis [I] 

Theorem 2.2. Let G* be a connected free simplicial group, then for each r > 2, 
the homomorphism of simplicial groups G — > G/j r (G) induces isomorphisms 

m(G) ~ 7r<(G/7 r (G)) 

for all i < log2r. 

Now we consider the free product of simplicial groups T* := E* * E*. It has the 
following components 

Ti := ( Ax - y x A) * ( Ax - y x A) , i > 1. 

i copies i copies 

Lemma 2.3. The simplicial group [T»,T*] is free. 

Proof. For abelian groups B, G, the commutator subgroup [G, G] of the free product 
G = B * G, is a free group with basis given by all commutators0 [b,c], 1 =/= b <E 
B, 1/ceC (see, for example, [!]). Taking such commutators as basis elements 
in [T»,T*], we immediately obtain from definition of T*, that the bases are stable 
under degeneracy operations. □ 

Now Theorem 12.21 and Lemma 12.31 imply that, the natural map of simplicial 
groups 

[T„T«] -¥ [T.,T.]/7a»+i([T«,r«]) 
induces isomorphism of homotopy groups 

7Tj([T*,T*]) ~ 7ri([T»,T»]/7 2 »+i([T*,T*])), i < n. 

2 We use the standard notation [a,b] := a~ 1 b~ 1 ab. 



4 ROMAN MIKHAILOV AND JIE WU 

The short exact sequence of simplicial groups: 

1 ->• [T*,T»] — > T» — > T*/[T*, T»] -> 1 
induces the long exact sequence of homotopy groups. The homotopy equivalence 

\T m /[T.,T.]\ ~K(A,l) x K(A,1) 
implies that, for i > 3, there is an isomorphism 

7Ti([T»,T»]) ~ 7Tj(T*). 



Lemma [2.11 together with isomorphisms (|2.2j) imply that, for all 2 < i < n, there 
are isomorphisms of homotopy groups 

(2.3) 7r i (T»)=i7r i (T,/7 2 » + i([T.,T»]))~7r <+ i(EX'(A,l)). 



3. Proof of the Main Theorem 

Lemma 3.1. Let A and B be nontrivial finite abelian groups, G = A * B. The 
center of the group H = G/7„([G, G]) is trivial for n > 2. 

Proof. The commutator subgroup [G, G] is free with a basis {[a, b], 1 ^ a e i, 1 ^ 
6 G B} (see [5]). We prove the statement for n = 2, the proof for higher n is similar. 
Let /i G [G, G] then, modulo 72 ([G, G]), /i can be uniquely written as follows 

(3.1) fe = Yl [a,b] m[a,h \ m(a,b) G Z. 

l=£a<EA, l^beB 

For c E A, we have 

h c = Yl [ca,b] m ^ b) [c,b]- m ^ mod7 2 ([G,G]) 

l#a£A, l=£beB 

and 

[fe,c] = J] [ca,6] m ( a ' b) [a,&]- m(a ' b) [c,&]- m(a ' f,) mod 72 ([G,G]) 

Assume that 1 ^ a G Z(H). We can write a as a = fdh.j2([G,G}), f S A, d E 
B, h E [G, G]. Assume that d ^ 1. Writing a in the form f|3. 1[) and taking c G A, 
we have 

[c,o] = M Yl [caM m{a,b \aA~ m[a ' h) [cA~ m(a ' h) mod 72 ([G,G]) 

Since a G Z(H), and ca ^ c for o^l, we have 

(3.2) to(c,cT)+ m(M) = l. 

l^aeA 

Since we can choose arbitrary element c G A, the identity (|3.2j) holds for every 
c E A (but d G -B is fixed). Summing up over all c G A, we have 

(1 + L4|)( £ m(a,d)) = \A\ 
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but this is not possible, since all coefficients m(a,d) G 1. Therefore, d = 1. Analo- 
gous argument shows that / = 1 and hence a G [G, G] .72 ( [G, G] ) . Now we present 
a = h.-f2([G, G]) in the form (|3.ip . Since a G Z(H), we have 

[h,c]= JJ [ca,b] m( - a ^[a,b}- ,n( - a ^[c,b]- m( - a ^ =0 mod 72 ([G,G]) 

for any c G A. Therefore, for every b G B, we have 

(3.3) m(c,b)+ ^2 m(a,b)=0. 

Again, summing up over all c G A, we have 

(1 + |A|) "»(o,6) = 

and therefore, Si^ae-A w(a, 6) = 0. Now (|3.3p implies that m(c,b) — for all 
c G A, b G -B. Therefore, /i G 72 ([G, G]) and the statement is proved. □ 

Proof of Theorem ] 1. 1\ Lemma 13.11 implies that, the centers of the components of 
the simplicial group T*/7 2 ,i+i ([F*, T*]) are trivial. Isomorphism (|2.3p together with 
[161 Proposition 2.14] imply that there is an isomorphism 

7r„ + i(SX(A,l)) ~ Z(T„/ l2n+ i([n,n])B n ) 

where B n is the Moore boundary. It remains to show that the Moore boundary is 
given by symmetric commutator subgroup 

(3.4) B n = [R u R 2 ,...,R n+1 } s . 

Let F = F(A \ {1}) be the free group free generated by all nontrivial elements 
of M Let 4>: F — ¥ A be the canonical quotient homomorphism, namely <f> is the 
(unique) group homomorphism such that <f>{a) = a for a G A \ {1}. Then <j) induces 
a simplicial epimorphismj 

4>: F^S 1 ] -» F A [S 1 ] -» F A [S ,1 ] ab = F(yl, 1). 

Recall that the simplicial circle S 1 has the elements that can be explicitly given by 

S„ = = s„_i • • • s i+ iSi ■ ■ ■ s ai I < i < n- 1}, 

where ci is the nondegenerate element in Si, and by the definition of Carlsson's 
construction [3], F F [S 1 ] n is the self free product of F index by elements in 5* \ {*}• 
Thus 

F F [S 1 ] n = (F) Xl *(F) X2 *-..*(F) Xn , 

where (F) Xi is a copy of F labeled by Xi. The epimorphism 0: F i? [S ,1 ]„ — s- F(A, l) n 
is explicitly given by the composite 

(F) X1 * (F) X2 *■■■* (F) Xn -» (A) X1 * (^) X2 * • • • * (A) B „ -» (A) X1 x (A) X2 x • • • x (A) Xn . 
Thus 

<K( a )si) = a i 

for n£ A \ {0} for 1 < % < n. Consider the epimorphism 

4>*4>: F F [S 1 ] * F^S 1 ] -» K(A, 1) * K(A, 1). 

3 Here we use the multiplicative notations for the elements of abelian groups. 
4 For the description of Carlsson's construction F^IS 1 ], see [3], |16j . 
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Observe that J F F [S' 1 ] * F F [S 1 } = F F * F [S' 1 ]. Following the notation in the introduc- 
tion for the group T n , let B be a copy of A and so the group F * F is the free group 
with a basis given by a for a e A \ {1} and b for 6 6 B \ {1}. The epimorphism 

4>*4>: F F * F [S 1 ] n -> K (A, 1)„ * #(4 1)„ = T„ 

is given by 

(4> * $)((a) X( ) = aeAi and (0 * 0) ((&)*«) = bGB t 
for 1 < i < n. Let 

& = ((a) Xl , (6) S1 | a G A \ {1}, 6eB \ {l})^*^" 

fli = ((o) 1I!4 (a)- 1 _ 1> (6) s< (6)- 1 _ 1 aei\{l},ie5x{l}) fF * F [ sl K Ki<n 
^n+i = ((a) Xn) {b) Xn |o6i4\ {1},6 e -B \ {1}) fF * F[51] ". 
Then 

4>*4>(R l ) =Ri 

for 1 < i < n and so 

(3.5) 0*0([i?i,i? 2 ,...,i?„+i]s) = [i?l,i?2,...,i?„+l] S . 

Let iiZj be a sequence of subgroups of G for 1 < j < k. Recall that the fat 
commutator subgroup [[Hi, . . . , Hk]] of G is generated by all of the commutators 
ft(h^,...,h^), where 

1) 1 < i a < k; 

2) all integers in {1, 2, • • • , k} appear as at least one of the integers i s ; 

i>r ■ a, ■■ 

4) for each t > k, ft runs over all of the bracket arrangements of weight t. 
By [ini Proof of Theorem 1.8], the Moore boundary 

B n F F * F [S 1 ] = {{Ri,R 2 ,...,Rn+i}}- 
According to [H Theorem 1.1], 

[[Ri, R2, ■ ■ ■ , Rn+i]] — [R11R2, ■ ■ ■ j R n +i]s 

It follows that 

(3.6) B n F F * F [S 1 ] = [Ri,R 2 ,...,R n+ i}s- 

By [T31 Lemma 5, 3.8], any simplicial epimorphism induces an epimorphism on the 

Moore chains and so 

B n {K(A, 1) * K(A, 1)) = doN n+ i(K(A,l)*K(A,l)) 
= doi^^Nn+iiF^lS 1 })) 
= <p * 4>(d N n+ i(F F * F [S 1 ])) 
= <p * 4>(B n F F * F [S 1 ]). 

Equation (13. 4|) follows from equations (|3.5|) and (|3.6p now. This finishes the proof. 
Observe that, for every pair A, B of finite abelian groups, the quotient group 
A*B/j n ([A*B, A*B]) is polycyclic, i.e. it is a solvable group such that every its sub- 
group is finitely-generated. In particular, the groups J n (A) — T n /7 2 n+i ([T„, T n ])B n 
are finitely presented for all n > 2. □ 
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4. Homotopy Groups of S 2 

Taking the simplicial group E* * E* from Section [2j for A = Z, we get the 
homotopy equivalence 

\E m *E.\ ~ fl{K(Z,2) WK(Z,2)) 

Since the Moore boundaries of E* * E* can be described combinatorially using 
symmetric commutators, we obtain the following description of homotopy groups 
of S 2 alternative to the description given in [16] . 

Proposition 4.1. Let n > 3, T n := ( Z x ■ ■ ■ x Z ) * ( Z x ■ ■ ■ x Z ) . There is an 

n copies n copies 

isomorphism 

ir n+1 {S 2 )~Z(T n /[R 1 ,...,R n+1 ] s ), 
where the subgroups Ri, i = 1, . . . , n + 1 are defined as in il. l\) - !!773\) . 

Observe that, the groups T n /[R\, . . . , R n +i]s are not finitely presented as well 
as the groups from [16] whose center is Tr n+ i(S 2 ). There is an explicit construction 
of finitely presented group whose center is ir n (S 2 ) x Z given in [7J. However there 
are some mistakes in the paper [7J . In this section, we give a brief review for the 
main result in [7J with corrections for the mistakes. 

Let di : P n — > P n -i be the group homomorphism given by removing the zth 
strand of n-strand pure braids for 1 < i < n. There exists a well-defined additional 
face operation do : P n — > P n —i as a group homomorphism defined by 

doAij — Ai-i t j-i 

for 1 < i < j < n, where the braid Aqj € P n -i is given by 

A o,j = {Aj,j+iA jtj+2 ■ ■ ■ Aj- in _i)~ (A ltj ■ ■ ■ Aj-i.j)- 1 

Then the sequence of groups P = {P n }n>o forms a A-group with the property 
that (7j Proposition 2.5] the Moore homotopy group of the A-group P given by 

(4.1) 7r„(P) = ir n (S 2 ). 

From the definition of the Moore homotopy groups of A-groups, the Moore chains 

n 

(4.2) iV„P = p| Kei(di : P n -> P„_i) = Brun„, 

i=l 

where Brun„ is the group of n-strand pure Brunnian braids. Let 

Bd„ = d (Brun„ +1 ) = B n P 

be the Moore boundaries of P, which is called n-strand boundary Brunnian braids 
in [7J. The main result of [7J is as follows. 

Theorem 4.2. [7j Theorem 1.1 (2)] The group Bd„ is a normal subgroup of the 
Artin braid group B n . There are isomorphisms of groups 

Z(P„/Bd„) = n n (S 2 ) x Z and Z(P„/Bd„) = {a 6 n n {S 2 ) \ 2a = 0} x Z 

for n > 4, where Z is induced from Z(P„) = Z(B n ) = Z. □ 
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The main results Theorem 1, Theorem 3] are correct. Also it is correct that 
the groups P n /Bd n and B n /Bd n are finitely presented. The major mistake in [7] 
is that Lemma 3.6] is not correct. As a consequence of this false lemma, the 
statements [7J Theorem 3.7, Lemma 3.11, Corollary 3.12, Corollary 3.13, Corollary 
3.14, Proposition 3.15] are not true. For the introduction to the main results in [7], 
the set of normal generators for Brun„ in [7j line 3, p. 522] and for Bd„ in line 
14, p. 523] are not correct. In order to correct the mistakes, we determine a finite 
set of normal generators for Brun„ as well as a finite set of normal generators for 
Bd n . This will confirm that P„/Bd„ and B n /Tid n are finitely presented. 

Theorem 4.3. Let Brun„ be the group of n-strand Brunnian pure braids and let 
Bd n be the group of n-strand boundary Brunnian pure braids. Then 

1) The group Brun„ is the normal closure of the following elements in P n : 

[[[A 1>n , A <7 (2),j 2 ]) Ar(3),j 3 ]> ■ • • , 4r(n-l),;?„_i] 

for a G S„_2 acting on {2, 3, . . . , n — 1} and 1 < jli ■ ■ ■ >in-l < n with 
js 7^ cr(s) for 2 < s < n — 1, where Ajj = Aij if i > j. 

2) The group Bd n is the normal closure of the following elements in P n : 

[[[Ao,n, A a (l) tjl ], A a (2) <h ], . . . , A CT („_i) >i j n _J 

for a € S„_i and 1 < j\, . .. ,j n -i < n with j s ^ a(s) for 2 < s < n — 1, 
where Aj i = A% j if i > j. 

Proof. (1). Let Rij be the normal closure of Aij in P n for 1 < i < j < n. From (TJ 
Theorem 1.1], 

Brun„ = Y\ [[R<r(l),n,R<T(2),n]) ■ ■ ■ i-R CT (n-l),n]- 

By [SI Theorem 1.2], 

U [[-^ff(l),n) Ro(2),n], ■ ■ ■ i -Rff(n-1),«] = JJ [[-Rl,ri, -Rcr(2),n], ■ • • 7 R<j(n~l),n]- 
creS„_i creS„_ 2 

Thus 

(4.3) Brun„= ]"f 

n— l),nj • 

For each 1 < i < n, let Gi be the subgroup of P„ generated by v4i j for 1 < j < n 
with j ^ i, where Aij — Aj^ if i > j. Recall that P n = 7Ti(P(C,n)), where 

(4.4) F(C, n) = {(z u ..., z n ) \ z, ± Zj for i ? j} 

is the ordered configuration space. By [TJ Proposition 3.2], the removal of the ith 
strand operation di : P n — > P n -\ is induced by the coordinate projection 

TTi: F(R 2 ,n) — > F(R 2 ,n- 1) (zi, z 2 , ■ ■ ■ , z n ) n- (zi, . . . , z i+ i, . . . , z n ). 

Let (pi, . . . ,p n ) be a base-point of F(C, n). Namely pi, . . . ,p n are n distinct points 
in the plane M 2 . By the classical Fadell-Neuwirth Theorem [5], the coordinate 
projection 7r^ is a fibration with a punctured plane M 2 \ {pi, . . . ,pi_i,pi + i, . . . ,p n } 
as a fibre. By taking the fundamental groups to the fibration (|4.4p . we obtain 

Ker(d l : P n P n _j) = G, = F„_i. 



HOMOTOPY GROUPS AS CENTERS OF FINITELY PRESENTED GROUPS 



9 



Moreover for 1 < i < j < n 

d n Gj = Kcr(di : P n ->■ P n _ x ) n Ker(d* : P„ -»• P n _ x ) = P^ 

since the restriction of di to Gj is given by the projection map 

. . . , Aj_i t j, Ajj+i, . . . , Aj )n ) — > F{A\ t j_\, . . . , Aj_i )n _i) < P„_i 

with diAi.j = 1, di^4 S j" = -^s.j-i for s < i. diA s ,j — A s _ij_i for i < s < j 
and diAj^ s — A,-_i iS _i for s > j. Consider the factors in product (|4.3p . For each 
er G S n _2, 

[[Pi ,71, P<r(2),n]> ■ • ■ j P<r(ra-l),ra] < [[Pl,n, G^)], ■ . ■ , G CT ( n _i)]. 

Observe that 

[[Pi,n, G CT ( 2 )], . . . , G<j( n _i)] < Brun n . 
We can construct a finite set of normal generators in P n for [[Pi jM , G CT ( 2 )], • • • > G (T ( n _i)] 
based on the following statement: 

Statement 4.4 [1, Proof of Lemma 5.2]. Let G be a group and let A and B be 
normal subgroups of G. If {a^ | i S J} is a set of normal generators for A in G and 
{6j | j S J} is a set of generators for P, then {[ai,&j] | i 6 /, j G J} is a set of 
normal generators for the commutator subgroup [A, B] in G. 

The construction of a set of normal generators for [[Pi, n , G CT (2)], . . . , G c7 („_ 1 )] is 
as follows. Observe that Pi„ has a normal generator A\, n and G^) has generators 
^ct(2),j 2 f° r 1 5i J2 < n with j2 7^ c(2). From the above statement, a set of normal 
generators for [Pi, n , G CT (2)] is given by 

[Ai, n > A a( 2^ j2 ] 

for 1 < j'2 < n with j 2 7^ c(2). By repeating this procedure, a set of normal 
generators for [[Pi, n , G ct(2 )], . . . , G (T („_ 1) ] is given by 

[[[Ai, I1 ,^4 (T ( 2 ) j2 ],^4 (T (3) j3 ], . . . ,A CT ( n _ 1 )^ n _ 1 ] 

for 1 < j s < n with j s ^ This finishes the proof of assertion (1). 

(2). By definition, Bd„ = rfo(Brun„ + i). Since 

do([[^l,n+l) ■ ■ ■ i Ar(n-l)+l,.7„_i + l]) = [[^0,m ■^(IJ.jiJ) • • • ) Ar(n-l) J„-i. 

with [[Ai : „ + i,A cr(1)+ljl+1 ],...,A (T( „_ 1 ) +ljri _ 1+1 ] £ Brun„ + i, the elements listed 
in assertion (2) lie in Bd„. Now from equation 14.31 we have 

Bd„ = [[rfQ(Pl,«+l))rfo(Pff(2),n+l)])---)^o(P(r(n),n+l)] 
= II [[^0,n, P CT (2)-l,n]; ■ ■ ■ ) Ra (n) — l,n\ i 

where Rqj is the normal closure of A j in P n . Given any a € £ n -i acting on 
{2, . . . , n}, the factor 

[[Po,n, Po-(2)-l,nj! ■ • • i Pff(ra)-l,ra] < [[Po.m G (T (2)_l], . . . , G CT („)_i] 

with 1 < ait) — 1 < n — 1 for 2 < i < n. From Statement 4.4, a set of normal 
generators for [[R . n , G ct(2 )_i], .. . , G CT(n) _ 1 ] is given by 

[[[A),n,Ar(2)-l,j 2 ],Ar(3)-l,j 3 ]) • ■ ■ ) Ar(n)-ljJ 

with 1 < j2, J3, ■ • ■ , in < n and j s ^ cr(s) — 1 for 2 < s < n. Assertion (2) 
follows. □ 
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